We write the correlation function of dark matter particles, ξ(r), as the sum of two terms-one which accounts for nonlinear evolution, and dominates on small scales, and another which is essentially the term from linear theory, and dominates on large scales. We use models of the number and spatial distribution of haloes and halo density profiles to describe the nonlinear term and its evolution. The result provides a good description of the evolution of ξ(r) in simulations. We then use this decomposition to provide simple and accurate models of how the single particle velocity dispersion evolves with time, and how the first and second moments of the pairwise velocity distribution depend on scale. The key idea is to use the simple physics of linear theory on large scales, the simple physics of the virial theorem on small scales, and our model for the correlation function to tell us how to weight the two types of contributions (linear and nonlinear) to the pairwise velocity statistics. When incorporated into the streaming model, our results will allow a simple accurate description of redshift-space distortions over the entire range of linear to highly nonlinear regimes.
INTRODUCTION
Strong constraints on models of large scale structure follow from combining statistics of the density field with statistics of the velocity field. In this paper, we show how the number of particle pairs depends on pair separation, and use this to compute the mean and mean square pairwise velocity. That is, we show how the correlation function of the density field and the distribution of pairwise velocities can all be computed from the same model.
The key to being able to do this is a simple model of how and why the correlation function ξ(r, a) evolves with time. The evolution of ξ was first accurately modelled by Hamilton et al. (1991) . Following Peebles (1980) , they showed that knowledge of how the correlation function evolved allowed them to describe how the mean streaming velocity v12(r, a) of particle pairs evolved as well (also see Nityananda & Padmanabhan 1994) . Peebles suggests that the second moment of the pairwise distribution, σ12(r, a) depends on (an integral over) the three-point correlation function ζ(r, a); because there is no general description of ζ from linear to non-linear scales (but see Scoccimarro & Frieman 1998 for scale-free initial conditions), there is, at present, no simple description of how the pairwise velocity dispersion depends on scale (see, e.g., Mo, Jing & Börner 1997; Jing, Mo & Börner 1998) .
In this paper, we will follow a different approach than the one laid down by Hamilton et al. The logic behind our approach follows from the models first discussed by Neyman & Scott (1959) , and references therein. In these models, all particles are assumed to be in collapsed haloes, and the correlation function of the particles depends on the density profiles as well as on the spatial distribution of the parent haloes. What has changed since those early days is that we now understand that, for statistics like the correlation function, the most important parameter of a halo is its mass.
Following Sheth & Saslaw (1994) , Sheth & Jain (1997) showed that they were able to provide a good description of the dark matter correlation function on small scales even though they neglected the fact that the parent haloes are clustered. This works because most close pairs are actually in the same halo, and so the correlation function depends only on the distribution of particles within haloes (the halo density profile) and not on the spatial distribution of the other haloes. Using formalism presented in McClelland & Silk (1977) , they showed how to write the correlation function as an integral over haloes having a range of masses. They then used simple analytic approximations for n(m), the number density of haloes (the mass function formula of Press & Schechter 1974) , and halo density profiles (power-laws with slopes chosen to agree with simulations), to present their results.
The results of e.g., Scherrer & Bertschinger (1991) , show that one really expects the power-spectrum to be the sum P 1halo (k) + P 2halo (k), where P 2halo (k) is the contribution from pairs in different haloes (i.e., the term that was neglected by Sheth & Jain) . More recently, Seljak (2000) and Peacock & Smith (2000) have extended the model calculation to include these terms. They used slightly more accurate fitting formulae for the inputs (the mass function is from Sheth & Tormen 1999 and the halo profiles are from the work of Navarro, Frenk and White 1997) . Their results show that a good approximation to the evolved P (k) on all scales can be got by simply setting P nl (k) = P 1halo (k) + P0(k), where the first term is that due to the halo profiles and mass function, and the second is the initial power-spectrum evolved to the present time using linear theory. Section 2 of this paper studies the two-point correlation function, ξ(r), rather than its Fourier transform, P (k). Of course, in this case also, ξ(r) = ξ 1halo (r) + ξ 2halo (r), but we feel that explicitly working in real space shows the sorts of approximations which lead to this decomposition more clearly. It also shows why, both in real and in Fourier space, the 2-halo term should approximately equal the linear theory expression.
Since this is a model in which the contributions to ξ(r) are written as functions of halo mass, we can study the Layzer-Irvine cosmic energy equation as a function of halo mass. We show this in Section 3. Our analysis shows which terms in the energy equation come from nonlinear virial motions within each halo, and which from the motions of haloes as a whole which, following Sheth & Diaferio (2000) , are more in line with what the linear theory would predict. We show how our decomposition allows us to provide a simple estimate of the single particle velocity dispersion-which can be thought of as the density weighted temperature.
The requirement of pair conservation provides a relation between the correlation function ξ(r) and the first moment of the pairwise velocity distribution v12(r). In Section 4 we use our decomposition of ξ to provide a simple expression for the mean streaming velocity, v12, and then show that this expression describes measurements in simulations quite well. Peebles (1980) shows that the second moment, σ12(r), is related to (an integral over) the three-point correlation function, ζ. This relation between the pairwise dispersion and ζ is often called the cosmic virial theorem. Since our halo-based approach allows us to model ζ as well (Scoccimarro et al. 2000) , we could, in principle, use this to study how σ12(r) depends on pair separation. In Section 5 we describe what we think is a much simpler way to think about and model σ12(r). In our approach, the important ingredient is not ζ, but knowledge of how velocities are correlated. We first show that neglecting these correlations is a rather good approximation: our models of ξ and the single particle velocity dispersion are sufficient for describing the main features of σ12. We then describe a simple model for including the effects of velocity correlations.
Knowledge of both the mean and the dispersion of pairwise velocities are useful for modelling redshift space distortions, which we plan to present elsewhere. The three velocities we study here, the single particle velocity dispersion v 2 , the mean streaming velocity v12(r), and the pairwise dispersion σ 2 12 (r) may all be used to provide estimates of the density of the Universe, although Jenkins et al. (1998) discuss why, in cluster normalized CDM models, different cosmological models may have rather similar values of v12 and σ12.
THE CORRELATION FUNCTION
Let ρ(r|m) denote the shape of the density profile of a halo which contains mass m; the mass in a spherical shell at distance r from the centre of the halo is 4πr 2 ρ(r|m) dr. Let λ(r|m) denote the convolution of such a profile with another of exactly the same shape. For spherically symmetric density profiles
where
The contribution to the correlation function from pairs in which both particles are in the same halo is given by weighting the convolution profile of a halo of mass m by the number of haloes of mass m, and integrating over m (Sheth & Jain 1997) . The total correlation function is the sum of this plus a term which arises from pairs which are in two different haloes. This means that the second term is a convolution of the profiles of each of the two haloes involved, with the halo-halo correlation function:
Suppose that the halo-halo correlation function changes slowly on separations which are large compared to the typical size of a halo. Then, at large r, the halo-halo correlation function can be taken outside the integrals, leaving just the convolutions over the profiles. But these each contribute a factor which equals the mass of the halo, since any position within the halo gives approximately the same pair separation. This means that
at large separations.
To proceed, we need a model for ξ hh (r|m1, m2). This has been done by Mo & White (1996) and Sheth & Lemson (1999) . On large scales, Mo & White argued that the correlation function of haloes of mass m should simply be a constant times the correlation function of the dark matter, ξ hh (r) = b 2 (m) ξ(r), and that the value of the constant should depend on the halo mass. Sheth & Tormen (1999) showed that this dependence on mass can be derived from the shape of the mass function n(m), which, in turn, depends on the initial shape of the power spectrum. In addition, on large scales, linear theory should apply, and so ξ(r) ≈ ξ0(r), where ξ0(r) is the linear theory correlation function of the dark matter. Thus, for large separations,
On small scales the halo-halo correlation function must eventually turn over (haloes are spatially exclusive-so each halo is like a small hard sphere). So setting ξ hh (r|m1, m2) ≈ b(m1) b(m2) ξ(r) will almost surely overestimate the true value. Using the linear, rather than the nonlinear correlation function, even on small scales, is a crude but convenient way of accounting for this overestimate. (Although the results of Sheth & Lemson 1999 allow one to account for this more precisely, it turns out that great accuracy is not really needed since, on small scales, the correlation function is determined almost entirely by the one-halo term anyway.)
If we allow a range in halo masses then the total correlation function is
where n(m) dm denotes the number density of haloes which have mass in the range dm about m, andρ is the average density. The first term dominates on small scales, and the second term dominates on large separations. Now, on large scales Λ(r|m1, m2) is well approximated by the product of m1 b(m1), m2 b(m2) and ξ0(r). We will not do too badly if we continue to use this approximation on smaller scales because the scales on which it breaks down are precisely those on which the first term begins to dominate. This means that the second term can be written as the product of two one dimensional integrals. Moreover, the bias factors are defined so that
Therefore, the second term really is very simple: to a good approximation,
Note that, in this approximation, the second term is the same for all halo profiles-different profile shapes yield different shapes for λ(r|m) and so result in different correlation functions on small scales only; in principle, one can use measurements of the shape of the correlation function at small separations to constrain the shapes of profiles. To illustrate how the profile affects the correlation function, in what follows we will use the NFW profile of Navarro, Frenk & White (1997) . In Appendix A we provide expressions for λ(r|m) for the NFW profile truncated at the virial radius, the Hernquist profile (1990) , and the singular isothermal sphere, truncated at the virial radius so that it has finite mass. These three density profiles all have the property that λ(r|m) is never less than zero. As a result, ξ 1halo is also never less than zero. This means that the integral of ξ 1halo over all separations does not equal zero. As a result, equation (7) above does not satisfy the integral constraint. This is a formal feature of the models to which we will return later.
The truncated NFW profile above has two free parameters, a core radius and an average density. Navarro, Frenk & White (1997) showed that, in their simulations, the core radius depends on the mass of the halo, whereas all haloes have Figure 1 . The correlation function of dark matter particles. Symbols show the fitting formula provided by Peacock & Dodds (1996) . Solid curves show the correlation associated with NFW profiles. The two dashed curves show the contribution from pairs in the same halo (dominates at small r), and pairs in different haloes (dominates at large r). Dotted curve shows the linear theory correlation function ξ 0 ; on the large scales where the two-halo term dominates, it is very well approximated by the linear theory function.
the same average density, whatever their mass. They found that the core radii of massive haloes are at larger fractions of their virial radii than for less massive haloes; less massive haloes are more centrally concentrated. The ratio of the core radius to the virial radius increases with mass in a way which depends on the shape of the initial power-spectrumthey discuss in detail why this is so. In what follows, we will use the simple analytic approximation to this relation given in Scoccimarro et al. (2000) as we integrate λ(r|m) over the mass function: aNFW(m) = (m/m * ) 0.13 /9, where m * is the average mass contained in a tophat filter whose scale is set by the requirement that the rms value of the initial density fluctuation field smoothed with the filter, extrapolated to the present using linear theory, is δc ≈ 1.68. Fig. 1 shows the correlation functions one obtains by inserting the core-radius relation given above into our expressions for λ(r|m), and integrating over the mass function. The two panels show two variants of the CDM family of initial conditions: our SCDM model has Ω0 = 1, h = 0.5 and σ8 = 0.5, whereas our ΛCDM model has Ω0 = 1, Λ0 = 1 − Ω0, h = 0.7 and σ8 = 0.9. The symbols show the fitting formula of Peacock & Dodds (1996) which describes the correlation functions from numerical simulations of these cosmological models well (see, e.g., Mo, Jing & Börner 1997; Jenkins et al. 1998) , and the solid curve shows our model using NFW profiles. The two dashed curves, which sum to give the solid curve, show the two contributions to the correlation function; the curve which dominates on small scales shows the contribution from pairs in the same halo-the first term in equation (5). The curve which dominates on large scales shows the contribution from pairs in different haloes. The dotted curve shows the linear theory correlation function; on the scales where the two-halo term dominates, the linear theory function provides an excellent approximation. The model provides a good description of the correlation func-tion of the dark matter. Although we have only presented results for z = 0, the model is also accurate at earlier times.
THE COSMIC ENERGY EQUATION
The cosmic energy equation describes how the energy of the Universe is partitioned between kinetic and potential energy. In essence, it provides a relation between the correlation function of dark matter particles and their rms speeds. Following Hamilton et al. (1991) , we know how to compute the shape of the correlation function (i.e., how it depends on separation r) at any time, if its initial shape is known (also see Nityananda & Padmanabhan 1994 ). Mo, Jing & Börner (1997) showed that inserting this evolution into the cosmic energy equation provided a very good description of how the rms velocities of dark matter particles in their simulations evolved. How much of the evolution of the rms velocity is driven by nonlinear effects within virialized clusters, which produce large velocities, and how much contains information about the (linearly evolved) initial conditions? We show below that the model described above allows us to separate out the linear from the nonlinear effects.
The cosmic energy equation (Irvine 1961 (Irvine , 1965 Layzer 1963 Layzer , 1964 ) is an exact statement of what energy conservation means in an expanding universe. It provides a relation between the potential energy of the system,
and the kinetic energy K(a), which is essentially one half times the mean square velocity of the particles in the system. (Note thatρ ∝ a −3 , where a denotes the scale factor of the Universe, and not the core radius of the halo profile!) If the evolution of W is known, then the cosmic energy equation allows one to compute the evolution of K also. Since we know how ξ(r, a) evolves, we know how W evolves, so we can compute K(a) also. Mo, Jing & Börner (1997) showed that by combining the Hamilton et al. (1991) evolution of ξ(r, a) with the cosmic energy equation they were able to compute a good approximation to the value of the single particle velocity dispersion at any given time. In particular, by integrating the energy equation once, Mo et al. (1997) showed that
where W (a) = −2πGρ(a) a 2 I(a). Although this expression is exact, Mo et al. also showed that the simpler expression which follows if I(a) ∝ D(a) 2 , as it would in linear theory, is a good approximation: In this case Davis, Miller & White (1997) were interested in separating out those contributions to the velocity dispersion which arise from nonlinear effects from those which are given by linear theory. Since we know how to write ξ(r, a) as a sum of two terms, one from linear theory and the other nonlinear, we can begin to address some of the issues they raised. Specifically, suppose we write
and we require that it equals the expression for W above. Linear theory, extrapolated to the present time, would have
where ξ0 denotes the linear correlation function (e.g. Peebles 1980) . However, our model for the nonlinear correlation function is to write ξ(r) as a sum of this linear part, plus a term which depends on halo profiles. Thus, we find that
where we have rearranged the order of the integrals so that we do do the one over r before integrating over m. The resulting integrals over r are computed explicitly in the Appendix. In particular, for the halo models of interest in this paper, the haloes are in virial equilibrium: W nonlinear = −2K nonlinear . Thus, in our approach, the ratio of the nonlinear to the linear theory term depends on the mass function and the density profiles of dark matter haloes. For example, for NFW haloes, −W nonlinear equals dm [n(m)/ρ] (Gm 2 /rvir) times a constant which depends on the ratio of the core radius to the virial radius.
We will not explore this further in this paper. For the time being, we will simply use this expression to estimate how the single particle velocity dispersion evolves. Namely, we will use linear theory extrapolated to the present time to estimate W linear (see, e.g., Peebles 1980 ) and our models of halo profiles to estimate the other contribution to W nonlinear , and we will then use the energy equation to derive v 2 . We will need this single particle v 2 later on, when we study how the pairwise velocity dispersion depends on pair separation. For the CDM models presented in this paper, this gives v 2 1/2 SCDM = 675km/s and v 2 1/2 ΛCDM = 590 km/s, in good agreement with the values measured in the simulations (e.g. Mo, Jing & Börner 1997; Sheth & Diaferio 2000) . Because our models allow us to compute this single particle dispersion at any times, they provide a simple way of computing the evolution of the density weighted temperature of the Universe.
THE MEAN STREAMING VELOCITY
The scale dependence of the mean streaming v12(r) of dark matter particles has been understood for some time now. Hamilton et al. (1991) showed that because they could provide good estimates of the evolution of ξ(r, a), for any initial correlation function, they could also describe the shape of v12(r) (also see Nityananda & Padmanabhan 1994) . Because the halo model presented in the previous section allows one to compute ξ(r, a), by following the steps outlined by Hamilton et al., it can also be used to compute v12(r). We will not do this here. Rather, we will show that because our halo model allows one to split the correlation function up into linear and nonlinear parts, we are able to compute a good approximation to v12(r) rather more simply. Recently, Juszkiewicz, Springel & Durrer (1999) have presented a fitting formula for this statistic; they argue that their formula is simpler to use than the exact method of Hamilton et al. The results presented in this section can be thought of as providing a simple physical reason for the values of the coefficients in their fitting formula.
The relevant starting point is the pair conservation equation in Peebles' book (Peebles 1980 ):
whereξ(r, a) is the volume averaged correlation function on comoving scale x = r/a at the time when the expansion factor is a, and the Hubble constant is H. Note that the partial derivative with respect to a on the left hand side keeps x fixed rather than r. This says that if we know the correlation function for all scales x and all times a, then we can compute how v12(r) depends on scale today; basically it comes from assuming that the number of pairs is conserved. Hamilton et al. also showed that by inserting their expression for the evolution of ξ(r, a) into equation (14) above, they were able to describe v12(r) accurately. A simpler analytic approach follows from reading through Peebles' logic further. He notes that an approximate solution to equation (14) can be got by assuming thatξ evolves according to linear theory:
2ξ (r = a0x, a0), where D(a) is the linear theory growth factor. Then the left hand side is a ∂ξ(ax, a)/∂a = 2f (Ω)ξ(ax, a), where f (Ω) ≡ ∂lnD/∂lna ≈ Ω 0.6 . So, in this approximation we get
This is just the usual linear theory expression with an extra factor of (1+ξ) in the denominator. Juszkiewicz et al. (1999) show that, while this approximation is fine on large scales, it underestimates the exact solution by a factor of 3/2 or so on smaller scales. They use perturbation theory to motivate the introduction of the extra terms they must add to this expression to rectify this problem. Our model provides another simple way to see what these terms should be. Since the previous section allows us to write ξ as a sum of two terms, we can work out how each one scales with time. In our model, the term which dominates on small scales evolves both because the mass function evolves, and because the concentrations of haloes of a fixed mass depend on when they formed. The term which dominates on larger scales is very similar to that predicted by linear theory. If we assume that it evolves according to linear theory, then
where the derivative of ξ 1halo with respect to expansion factor a can be evaluated because the dependence of the mass function n(m, a) and the halo profiles and their convolutions λ(r|m) on a are all known. Thus, we have
Here c denotes the inverse of the core radius relation of the halo profile (so cNFW = 1/aNFW) to avoid confusing the core-radius relation with the cosmological expansion factor. The notation ∂ lnc/∂ lna| m/m * denotes a derivative with respect to lna keeping m/m * fixed. If the time dependence of c comes only from its dependence on m * , then the final term on the right hand side vanishes, making the expression particularly simple. If, in addition, the correlation function was a pure power-law of slope, say, γ, then ξ = (3 − γ)ξ/3. In this case, the term in square brackets in the expression above would become (γ/3)ξ 1halo .
To illustrate how the one-halo term scales, it is convenient to study a spectrum with shape P (k) ∝ k n initially. In this case ∂lnm * /∂lna = f (Ω) 6/(3 + n). On very small scales, ξ ≈ ξ 1halo is expected to be a power law of slope γSC ≈ 3(3 + n)/(5 + n) (e.g. Peebles 1980 ). This makes the right hand side of equation (17) equal to f (Ω) 6/(5 + n) timesξ 1halo . This is the same as the scaling required by stable clustering (e.g. Hamilton et al. 1991) . On intermediate scales, Padmanabhan (1996) argues thatξ should be approximately a power-law of slope γQL ≈ 3(3 + n)/(4 + n). If we still set 1 +ξ ≈ξ 1halo , then the right hand side of equation (17) becomes f (Ω) 6/(4 + n) timesξ 1halo . This is precisely the quasi-linear scaling assumed by Padmanabhan (1996) . On large scalesξ has slope γL = (3 + n), and so the right hand side of equation (17) becomes 2 f (Ω)ξ 1halo , which is the same as the scaling required by linear theory. Thus, our halo profile term (equation 17) interpolates smoothly between these different regimes. Of course, because ξ 1halo (r) is not really a power law, it never actually obeys these scalings exactly. Hamilton et al. (1991) assumed that v12 could be written as a function ofξ alone. Because our one-halo term actually depends both onξ 1halo as well as on ξ 1halo , our halo models are formally inconsistent with the Hamilton et al. ansatz. For example, the ansatz is based on an assumption that clustering on small scales is stable, whereas our halo models are not. Ma & Fry (2000) explore some consequences of this. Fig. 2 shows that our model,
where n * = −1.33, −1.53 is the slope of the power spectrum on the scale m * for the SCDM and ΛCDM models we consider in this paper, is quite accurate. The triangles show measurements from the publically available Virgo simulations (Jenkins et al. 1998) , and crosses show the fitting formula which Juszkiewicz et al. (1999) obtained by fitting to these simulations. The open circles in the panel on the right show the streaming motions in the ΛCDM GIF simulation (e.g. Kauffmann et al. 1999) . The GIF SCDM box is only 85 Mpc/h on a side. As a result, the velocities in it are strongly affected by the finite size of the box (Sheth & Diaferio 2000) , which is why we have not shown v12 from this simulation. The solid curve shows our model (equation 16) which accounts for the fact that evolution on small scales is nonlinear, and weights by the relative fractions of linear and nonlinear pairs. It is the sum of two terms; these are shown as the two dashed curves. Using the linear theory correla- Crosses show the result of using the Peacock & Dodds (1996) formulae for the correlation function in the fitting formula provided by Juszkiewicz et al. (1999) . Solid curves show the model described in the text which accounts for the fact that the nonlinear evolution is different from what linear theory predicts, and then weights the linear and nonlinear scalings by the relative fractions of linear and nonlinear pairs. Dashed curves show the two contributions to the streaming motion in our model; the curves which peak at large r are for pairs in two different haloes. Dotted curve shows the approximation of using the linear theory correlation function to model this two-halo term. To study the approach to stable clustering, it is more useful to show the ratio of the streaming velocity to the Hubble expansion. Recall that one might have expected the smallest scales to have −v12/Hr = 1. This follows from the simple scalings we discussed earlier (assuming Ω0 = 1): set ξ 1halo = 3ξ 1halo /(3−γSC), and use the fact that 1+ξ ≈ ξ 1halo . Fig. 3 shows that on small scales the mean streaming motions in our halo models are smaller than the stable clustering limit. The streaming motions do not cancel the Hubble expansion. As before, the triangles in the two panels show the Virgo simulations, the crosses show the fitting formula to these simulations, and circles in the panel on the right show the streaming motions in the ΛCDM GIF simulation. Although our model v12 curves (solid lines) fall below the stable clustering limit, they are in quite good agreement with the simulations.
Notice that, on scales slightly smaller than a Mpc/h or so, the one-halo term in our models can exceed the Hubble velocity. This shows explicitly that, even if clustering were to approach the stable clustering limit, it would have to do so on scales which are smaller than the virial radii of haloes. This is consistent with arguments in Sheth & Jain (1997) . Another way of saying this is that, if −v12 equalled Hr out to the virial radii of all haloes, then the one-halo contribution to the mean streaming velocity would be ξ 1halo /(1 + ξ): this would give a curve which decreased monotonically from unity as r increased, whereas our one-halo term actually has a peak at ∼ 1Mpc/h. On these slightly larger scales, writing our previous scalings for power-law profiles in terms of ξ with slope γQL shows that −v12/Hr = 2f (Ω). This value is in reasonable agreement with the height of the peak of the solid curve in both panels of Fig. 3 . Higher resolution simulations are required to determine whether clustering is stable on scales smaller than about 0.1Mpc/h.
The careful reader will have noticed that our halo models slightly overestimate the amplitude of the streaming motions on large scales. Some of this effect may be due to our simple treatment of ξ 2halo . If we were to set ξ 2halo → ξ0 we would overestimate the true value even more (the dotted curves are always above the dashed ones). However, notice that the single-halo contribution to v12 is nonzero even at separations larger than 10Mpc/h, and that it approximately accounts for the overestimate on these scales. Where does this large scale single-halo contribution come from? It does not arise from particles which are falling towards each other from opposite sides of a few proud monster haloes! (A virialized halo with a radius of 5 Mpc/h would have a mass of about 2.5Ω × 10
16 M⊙/h.) Rather, at least some of the overestimate of v12 arises from the fact that, formally, the halo models violate the integral constraint. As mentioned earlier, the integral of the halo model correlation function over all separations does not equal zero. This means that the model overpredicts the value of the trueξ 1halo . A glance at Fig. 1 shows that ξ 1halo on the scale of 5 Mpc/h is negligible. This in equation (17) shows that, on these scales, the single-halo contribution to v12 is determined almost entirely by the volume average term, and this results in an overestimate.
One way of remedying this is to make the halo profiles compensated, say, by embedding them in slight underdensities. This would have the effect of making the large scale value of ξ 1halo go slightly negative, with a more dramatic effect on large scale values of the volume averageξ 1halo . While compensated profiles may be physically reasonable, and are certainly of formal interest, we have not pursued this fur-ther, because the large scales where the spurious streaming velocities appear are also those where the two-halo term dominates the pair statistics.
Before we move on to the second moment of the pairwise velocity distribution, we think it is useful to rewrite our expression for the mean streaming motions one final time. If we use the fact thatξ 2halo ≈ξ0, then
where we have omitted writing factors of a throughout for brevity, and we have defined −v are simply the fractions of pairs from particles in the same halo, and in separate haloes, respectively. This form shows clearly that the streaming motions arise from applying linear theory to the pairs in separate haloes, nonlinear theory to the pairs in the same halo, and weighting by the fraction of pairs of each type. For instance, stable clustering would yield unity times the nonlinear pair-weight term, and the quasi-linear scaling described above would yield two times the nonlinear pair-weight term. It is this sort of decomposition into linear and nonlinear parts which we will exploit in what follows.
THE PAIRWISE VELOCITY DISPERSION
This section provides a simple model of how and why the pairwise velocity distribution depends on scale. The model constructed here is a natural generalization of that studied by Sheth (1996) , Diaferio & Geller (1996) , and Sheth & Diaferio (2000) . It is much simpler than the exact 'cosmic virial theorem' approach (Peebles 1980; Bartlett & Blanchard 1995; Mo, Jing & Börner 1997) one is led to if one attempts to climb the rungs of the BBGKY hierarchy, oneby-one.
The model assumptions
Let u(r12) denote the difference between the velocities of two particles separated by r12, along their line of separation. If the velocities of the particles separated by r12 are independent of each other, then the shape of this distribution can be computed from knowledge of the shape of the single particle distribution function directly. On small scales, this assumption of independence is almost certainly wrong. However, in the small separation limit, progress can be made by assuming that all pairs at a given small r12 are in the same halo. Since haloes are virialized, particle velocities within a halo are drawn from independent Maxwellian distributions, and so velocity differences are also Maxwellian, albeit with twice the dispersion of the single particle case. The dispersion of the Maxwellian depends on the mass of the parent halo in which the pair is, and so the full distribution of u(r12) can be computed by integrating over the distribution of halo masses, weighting by the number of pairs which have separations r12 within each halo of mass m. This model is studied in detail in Sheth (1996) and Diaferio & Geller (1996) . Of course, their model only applies on scales where, for most pairs, both members are in the same halo.
What happens at larger separations? In this subsection we will study the limit in which both members of the pair are in different haloes. We will argue that, in this limit, the distribution of u is also relatively simple.
As for the correlation function, we begin by writing the dispersion σ 2 12 (r) = u 2 (r) at separation r as the sum of two terms:
where the first term arises from pairs in which both members are in the same halo (so it depends on properties of virialized haloes and dominates on small scales), and the second term is for pairs in different haloes (so it dominates on large scales).
As mentioned above, the first term depends on the density profiles of virialized haloes. There are two reasons why it is a function of scale. First, the velocity dispersion within a halo may depend on position within it, so the pairwise dispersion will depend on separation. However, the pairwise dispersion will depend on scale even if we neglect this dependence. To see why, note that we should get a reasonable estimate of this term by setting the dispersion equal to the circular velocity at the outside edge of the halo: Gm/rvir (this would be exact for an isothermal sphere, but is only approximate otherwise), and using this for all r ≤ rvir. In this case,
This expression is exactly like the one in Sheth (1996) , except that we have multiplied it by an additional factor of λ(r|m)/[1 + ξ(r)] to account for the fact that only a fraction of the pairs at a given separation r are in the same m-halo. To see that this is the correct pair weighting factor, let U (1, 2) dv1dv2 denote the probability that there exists a particle in a cell of size dv1 within a halo of mass m, and another particle in a cell of size dv2 which is not necessarily in the same halo. Similarly, let P (1, 2|m) dv1dv2 denote the probability that there exists a particle in a cell of size dv1 within a halo of mass m, and that the other particle in dv2 is within the same halo. If each particle carries a mass mp, then U = (ρ/mp)dv1(ρ/mp) [1 + ξ(r)] dv2, and P = mn(m)dm dv1/mp [λ(r|m)/m] dv2/mp. The ratio is the fraction of pairs at separation r which are both in the same m-halo:
. This is the weighting we used in the equation above. Note that this is consistent with equation (7): one plus the left hand side of that expression is the total number of pairs at separation r, and the first term on the right hand side is the contribution from pairs in which both particles were in the same halo. It is also the weighting associated with our final expression for the mean streaming motions (equation 19).
Allowing the dispersion to depend on position in the halo means that
where x 2 2 = x 2 1 + r 2 − 2x1rβ, and where the one dimensional dispersion, σ 2 1d , can be approximated by, say, the radial velocity dispersion given in Appendix A.
This shows that at small separations, σ 2 1halo (r) increases with r because virial motions within haloes increase as m 2/3 , and only massive haloes can contribute pairs at moderately large separations (there will be an additional scale dependence if we also included the dependence of the dispersion on position within the halo). Therefore the pairwise dispersion will increase with increasing scale at small r. On larger scales, however, an increasing fraction of pairs are actually from different haloes. Since λ(r|m) → 0 as r increases, on scales larger than that of a typical halo, σ 2 1halo (r) will eventually decrease.
The term in which particles are in different haloes is
where n(m) is the number density of m-haloes,
is the correlation function of haloes, b(m) is the linear bias factor discussed earlier, ξ(r) is the correlation function of the mass, and S(m1, m2|r) represents the dispersion of the velocity difference along the line of separation between particles separated by r that are in different haloes (one of mass m1 and the other m2). Whereas the other terms are simply the pair-weighting, the physics is in finding a convenient expression for S. If σ 2 (m) denotes the dispersion associated with a single halo, then
where Ψ(m1, m2|r) represents the fact that the motion of a particle in halo m1 may be correlated with that of the particle a distance r away in the halo m2. Later in this paper we will develop a model for the velocity correlation function. For the time being, we think it clearer to study a simpler case first-in what follows, we will neglect the fact that halo velocities may be correlated. Before we do so, notice that if haloes were spatially uncorrelated as well, then the pairwise distribution would be the difference of two random variates, so it would be a simple convolution of the single particle distribution derived by Sheth & Diaferio (2000) . In what follows, we will study what happens if we account for the fact that haloes are spatially correlated, even though we neglect the fact that their velocities are also correlated.
Neglecting velocity correlations
Suppose we wish to compute the one-dimensional relative pairwise velocity dispersion along the line of separation. Since we are ignoring velocity correlations, the shape of the pairwise velocity distribution arises from applying the appropriate pair-weight as a function of separation, and integrating over the distribution of dispersions given by the halo mass function (equation (23) with Ψ = 0).
The pair-weighting involves the bias factor which depends on halo mass and on the shape of n(m); since we are (1998) , circles show the GIF simulation results, and crosses show the fitting formula for the dark matter provided by Mo, Jing & Börner (1997) . Solid curves show the scale dependence in our model which neglects the spatial dependence of the dispersion within a halo, and also neglects velocity correlations between haloes, but includes the effects of spatial correlations. Dashed curves show the contribution from pairs in which both particles are in the same halo (hence the peak at small r) and in separate haloes (so a peak at large r), respectively. using the mass function given in Sheth & Tormen (1999) , we will use their formula for b(m) also. Let v 2 denote the single particle velocity dispersion (section 3 showed that it has contributions from the virial motions within haloes as well as from the motions of the haloes themselves). Then the bias weighting means that we must compute 2 b v 2 . Thus, we arrive at a simple expression for the scale dependence of this second term:
where v 2 is the three dimensional dispersion given by the cosmic energy equation. The factor of 2/3 arises because we are interested in the sum of two (assumed independent) velocity variates, and we are only interested in one of the three velocity components.
At large separations ξ(r) ≈ ξ0(r), and they are both ≪ 1, so σ For example, the weighting by b increases the contribution from massive haloes relative to less massive ones. Since virial motions within massive haloes generate velocities that are larger than the rms, for the dark matter, this ratio is likely to be larger than unity. This means that σ 2 2halo may be slightly higher on intermediate scales than on large ones. On small scales, the pair-weighting term ξ0/(1 + ξ) decreases rapidly, so σ 2 2halo will also decrease. Jenkins et al. (1998) . Crosses show a fitting function, equation (40) of Mo, Jing & Börner (1997) , which should describe the scale dependence of the pairwise dispersion. In all cases, we have chosen to follow standard practice and not centre the statistic: to centre, the mean streaming motion v12 should be subtracted in quadrature.
Although the GIF and Virgo simulation results are in reasonable agreement on large scales, σ GIF 12 is larger, by about 100 km/s, on scales smaller than a Megaparsec or so. Presumably, this difference arises from the fact that, although the two simulations used the same number of particles, the boxes had different sizes and the particle masses were also different. The Virgo boxes had sides of length L = 240Mpc/h, the GIF ΛCDM box was 141 Mpc/h. The finite box size has two effects: first, large scale flows have smaller amplitudes in small boxes, and so this affects the large-scale value of the pairwise dispersion. In addition, small boxes do not have a fair sample of the massive haloes which dominate the pairwise velocity statistic at a Megaparsec. Because massive haloes are rare, the pairwise statistic will have a large scatter; the large value of σ12 we measured in the smaller GIF simulation may simply be a large fluctuation. On the other hand, because of its better mass resolution, the GIF box is able to resolve substructure within virialized haloes which the Virgo simulations can not. The presence of substructure will increase the velocity dispersion. However, because this contribution only adds in quadrature, it is not clear that this can account for all the difference.
We have tried to incorporate the effect of the finite box size into our model by restricting our integrals over halo masses to the range m < 10
16 M⊙/h, and by only integrating over k > 2π/L when using the cosmic energy equation to estimate v 2 . The dashed curves show the two types of terms in our model after setting the box size to L = 141Mpc/h. We chose to model the smaller box because the GIF semianalytic galaxy formation models of Kauffmann et al. (1999) , which we will use later in this paper, use this same simulation. The dashed curve which peaks at small r is for pairs in which both particles are in the same halo, and the dashed curve which peaks at large r is for particles in different haloes. The solid curve is the sum (in quadrature) of the two contributions, plus a piece which comes from the fact that the statistic is not centred (see below). Our model appears to describe the main features of σ12(r) reasonably well.
On small scales, discrepancies between the model and simulations are not caused by our neglect of the halo velocity correlation function; this regime is dominated by pairs which are in the same halo, which suggests that it is the assumption that the pairwise dispersion within haloes is isotropic and independent of position within the halo, as it would for an isothermal sphere, which should be changed. If one is willing to assume the orbits within the halo are isotropic, then this can be done by using the expressions for the radial velocity dispersion we provide in Appendix A. We will show the results of doing this in the next subsection.
On large scales, the difference between the symbols and the solid curve is a measure of the importance of velocity correlations. The relatively good agreement on larger scales suggests that our neglect of the halo velocity correlation function is not a bad approximation. We think it remarkable that we are able to provide a reasonably accurate description of the rise and fall of the pairwise velocity dispersion without once mentioning the three-point correlation function.
Including velocity correlations
This subsection shows how one might include the effects of correlated velocities. To do so, we briefly summarize the results of Sheth & Diaferio (2000) . They argued that in a model in which all particles are in haloes, such as the one we are studying in this paper, it is sensible to write a particle's velocity as the sum of two terms:
where vvir is the virial motion of the particle about the halo centre of mass, and v halo is the motion of the parent halo. Let σ 2 (m) denote the dispersion of particle velocities in m-haloes. It can be written as the sum of the two terms: σ In such a model, virial motions are random: the virial velocity of a particle is not correlated with the motion of the other particles in the halo, nor with the value of v halo , nor with the motion of any other particle in any other halo. This means that correlated motions arise because halo motions may be correlated, and not otherwise. If the virial velocity is independent of pair separation r, then Ψ(m1, m2|r) in equation (25) represents the correlations of halo motions for m1 and m2-haloes separated by r. Strictly speaking, a range of halo separations can contribute to the same particle separation r, but we are ignoring that here, just as we did when computing the correlation function.
Since linear theory predicts how the velocity correlation function depends on smoothing scale (Górski 1988) , and since linear theory provides a reasonably good description of the rms motions of haloes (Sheth & Diaferio 2000) , it is relatively straightforward to include the linear theory correlations in our model. The final term comes from the fact that the statistic is not centred.
We will approximate the velocity correlation as follows. Suppose for the time being that ignoring the peak constraint gave a reasonable approximation to halo velocities. Then σ halo (m) ≈ HΩ 0.6 σ−1(m). Similarly, the correlation in velocity between patches of different sizes, say R(m1) and R(m2), along the line of their separation, is
and the W s are the Fourier transforms of tophat window functions, and Symbols, the same as in the previous figure, represent the simulation results. Solid curves show the scale dependence in our model after including the fact that the dispersion within a halo depends on position within the halo, and also accounting crudely for the effects of spatial as well as velocity correlations. The two dashed curves show the contribution from pairs in which both particles are in the same halo (peak at small r) and in separate haloes (peak at large r).
This generalizes the expression in Górski (1988) , which assumed R(m1) = R(m2). A simple way to include the peak constraint, at least approximately, is to multiply by the appropriate peak constraint factors:
This includes the fact that peaks have lower rms velocities than random patches, but assumes that the correlations are otherwise unchanged. At first sight, inserting this correlation term into equation (23) appears to involve a triple integral-one over m1, one over m2, and one over k. In practice, it is much more efficient to rearrange the order of the integrals so that the integral over k is done last. The integrals over m1 and m2 are separable and equal. If we use Σ(k) to denote the result of the integral over m of mn(m) times the window function W [kR(m)], and Σ b (k) to denote the integral of mn(m) b(m) W [kR(m)], then the remaining integral over k is really of the form dk
2 . The result of all this is that
where the σs are assumed to be the dispersions in one dimension. The final term comes from the fact that the statistic is not centred. It was obtained by expanding (v1 − v2) 2 (1 + b1δ1)(1 + b2δ2) in δ1 and δ2, and using the linear theory relation between v and δ (e.g. Fisher 1995) . figure ; they are included to show the uncertainties associated with the measurements to date, and the influence of the finite size of the simulation box. As before, we have accounted for the finite box size (which we set to L = 141 Mpc/h) when showing our model predictions. The two dashed curves are the model predictions for pairs in which both particles are in the same halo (peak at small r), and in different haloes (peak at large r). The solid curve is the sum in quadrature of the two contributions, plus a piece which comes from the fact that the statistic is not centred.
In addition to including the effects of velocity correlations (which affects the two-halo term), we have modified the one-halo term to include the fact the velocity dispersion within a halo depends on position within the halo, as described in the Appendix. A glance at Fig. A2 shows that, for massive haloes, the isothermal assumption overestimates the dispersion. Because the peak is mainly due to pairs in massive haloes, using what is, arguably, the more realistic value for the dispersion lowers the height of the peak. With these two changes, our model falls significantly below the SCDM results. In the ΛCDM model, on the other hand, our model appears to be in reasonable agreement with the simulations, though it too underestimates the simulation results, especially on small scales.
Dependence on trace-particle type
Our model has the virtue that it is straightforward to study how the pairwise velocity dispersion depends on the type of trace particle. For example, if only haloes were used to construct this statistic, one would expect the large scale asymptotic value of σ12 to be smaller than for the dark matter, since, in this case, the virial term does not contribute to the dispersion. Figure 1 of Sheth & Diaferio (2000) suggests that the term which remains depends slightly on halo mass, and that linear theory, smoothed on the appropriate scale, provides a reasonably good estimate of what it is.
In addition to being smaller than the dark matter pairwise dispersion, the scale dependence of σ12(r) for haloes will also be different than it is for dark matter. We can use the results above to estimate how it scales. For halos, there is no contribution from virial motions, so σ halos 12
and H(m1, m2|r) is given by equation (30) with the virial terms set to zero. A more exact expression, appropriate for peaks identified with the same smoothing scale (m1 = m2 in our notation), has been provided by Regös & Szalay (1995) : our approximate expression is very similar to their equation (68). Equation (31) shows that σ halos 12
at intermediate r should be slightly smaller than the asymptotic large r value, whereas the pairwise dispersion is larger at intermediate r for the dark matter.
Galaxies in massive haloes are essentially trace particles, so their motions are similar to the motions of dark matter particles (see Sheth & Diaferio 2000 for some subtleties associated with motions of galaxies in less massive haloes). For the velocity dispersion statistic, the important difference between galaxies and dark matter particles is that, whereas the number of dark matter particles in a halo is proportional to halo mass, and the number of haloes in a halo is unity (of course!) for all haloes, the number of galaxies in a halo is something in between. Essentially, this happens because the number of galaxies in a halo is proportional not to the total amount of gas in the halo, but to the amount of gas which can cool. So the number of galaxies increases with halo mass, but not as quickly as the number of dark matter particles does. Thus, relative to the statistics of dark matter particles, galaxies downweight the contribution from massive haloes. Since massive haloes have large virial motions, these are less pronounced for galaxies than for dark matter. As a result, the pairwise dispersion of galaxies will be smaller in amplitude, and less scale-dependent, than that of the dark matter. This was first noticed by Jing, Mo & Börner (1998) , who pointed out that this is what was required for consistency with observations. Peacock & Smith (2000) used a simple N gal (m) prescription to generate galaxies from their dark matter simulations. They then measured the pairwise dispersion of the model galaxies in their simulations. Our analytic estimate of the pairwise dispersion of the dark matter allows us to do analytically what Peacock & Smith did numerically. First, we use the N gal (m) relation to compute the correlation function of galaxies. Essentially, this can be done by setting ρ(r|m) → ρ(r|m) N gal (m)/m in Section 2 (but see Seljak 2000 , Peacock & Smith 2000 , or Scoccimarro et al. 2000 for some subtleties associated with how exactly this is done). We then use this pair-weighting to compute the velocity dispersion of our model galaxies.
Specifically, we set 
where S(m1, m2|r) is as in equation (30). To illustrate, Fig. 6 shows the result of doing this using the N gal (m) relation obtained from the publically available GIF ΛCDM semi-analytic galaxy formation models of Kauffmann et al. (1999) . We actually used the simple fit to this relation, for galaxies brighter than MB ≤ −17.5 + 5 log h after correcting for the effects of dust, provided by Sheth & Diaferio (2000) . The panel on the left shows the correlation functions of the dark matter (open circles) and the galaxies (stars), and our models for the two correlation functions (solid lines). The bottom left panel shows the square root of the ratio of the two correlation functions.
The open circles in the panel on the right show the Figure 6 . The correlation function and pairwise velocity dispersion for simple models of galaxies. Open circles in both panels show the statistics of the dark matter in the ΛCDM GIF simulation, and stars show the corresponding statistics computed using the semianalytic bright, extinction corrected galaxies of Kauffmann et al. (1999) , measured in the same simulation. Solid curves show our model predictions. The two bottom panels show the square root of the ratio of the galaxy and dark matter correlation functions, and the ratio of the streaming motions and rms pairwise velocities, respectively. Dashed curves in the top panels show our model predictions for the semianalytic models of Benson et al. (2000) .
mean streaming motions and the pairwise dispersions of the dark matter particles, and the stars show the corresponding statistics for the semianalytic galaxies. We assigned velocities to the galaxies slightly differently than how Kauffmann et al. (1999) did. Namely, for the central galaxy in a halo, and for all haloes in which there was only one galaxy, we used the halo centre of mass velocity, rather than the velocity of the nearest particle to represent the motion of the galaxy. The difference between the two speeds is typically about 80 km/s; this means that our values for the mean streaming and velocity dispersion statistics are slightly smaller than the ones presented in Fig. 13 of Kauffmann et al. (1999) . The bottom right panel shows the ratio of the mean streaming motions of galaxies to that of the dark matter (filled circles) and the ratio of the rms pairwise velocity of galaxies to that of the dark matter (filled stars). Solid lines show our model predictions. We used the simpler isothermal approximation, rather than the actual position dependent dispersion, when computing the model predictions. Both in the simulations and in our model, the pairwise dispersion for the galaxies falls below that of the dark matter, although our model overestimates the amount by which this happens. The streaming motions of galaxies are similar to those of the dark matter on large scales because the galaxies have a bias factor which is close to unity. Presumably, if the large scale bias factor were different from unity, the streaming motions on large scales would also be different from the dark matter. On small scales, however, the galaxy mean streaming motions can be rather different from that of the dark matter; our model is able to provide quite a good description of this difference. Benson et al. (2000) showed that the pairwise dispersions of galaxies in their semianalytic galaxy formation models are lower than those of Kauffmann et al. (1999) , and that the reason for this was because the two models have different N gal (m) relations. Therefore, we also looked at a model in which N gal (m) = (m/10 12.9 M⊙/h) 0.6 for haloes more massive than 3 × 10 11 M⊙/h; this provides a good fit to the Benson et al. (2000) models with MB ≤ −19.5 + 5 log h, and is similar to the sort of scaling which Jing, Mo & Börner (1998) argued was required for agreement with observations. The dashed curves in the two upper panels of Fig. 6 show our model predictions when this relation is used. The correlation functions of the two semi-analytic models are similar despite the different brightness cuts. However, because this model has fewer galaxies in massive haloes than the Kauffmann et al. model, the pairwise dispersion of the galaxies in this model is lower. This is because, compared to the correlation function, the pairwise dispersion has an extra Gm/rvir ∝ m 2/3 dependence on halo mass, so it is that much more sensitive to the presence or absence of massive haloes. The 
DISCUSSION
Writing the correlation function as the sum of two terms, one which is essentially described by linear theory, and dominates on large scales, and another which is inherently nonlinear, and dominates on small scales, is both accurate and useful. Such a split has been used to model the spatial distribution of the dark matter and of galaxies (Seljak 2000; Peacock & Smith 2000; Scoccimarro et al. 2000) . Sheth & Diaferio (2000) show that a similar split can be applied to velocities; particle velocities can also be written as the sum of linear and nonlinear parts. In this paper, we used this split to compute simple estimates not just of the correlation function of dark matter particles, but of the single particle velocity dispersion (the density weighted temperature) and its evolution, and the scale dependence of the first and second moments of the pairwise velocity distribution as well.
Our model provides a good description of the scale dependence of the mean streaming velocities (Figs. 2 and 3) . It also provides a reasonably good description of the scale dependence of the pairwise dispersion, provided one restricts attention to scales larger than a Megaparsec or so (Figs. 4  and 5) ; our model appears to underestimate the value of σ12 on scales smaller than 1 Mpc/h. This is, perhaps, surprising, because on these smaller scales, most pairs are in the same halo, and one might have thought that virialized haloes were rather simple to model. Our model assumes that virialized haloes are smooth (or, more importantly, that substructure does not substantially affect the velocity dispersion), and that the velocity dispersion within them is isotropic. The discrepancy between our model and the simulations suggests that one or both of these assumptions is wrong. To model the small separation regime accurately, we may have to resort to using the exact approach based on the BBGKY hierarchy (e.g. Peebles 1980 ). As we mentioned in the introduction, this approach is considerably more complicated, because it requires knowledge of the three-point correlation function. Although this can be done within the context of these halo models using results presented in Scoccimarro et al. (2000) , we have not done so here.
Despite the shortcomings of our model for the pairwise dispersion on small scales, we feel that there are at least two reasons why it is useful. First, it is much simpler than the exact approach one is led to from the BBGKY hierarchy, for which knowledge of the three-point correlation function is required. Secondly, it is easily extended to provide predictions as a function of trace particle type. This is particularly useful for comparing theoretical models with observations of galaxies. Section 5.4 showed how to model the dependence on separation of the galaxy pairwise velocity dispersion.
The main reason for doing this was the following. Our model for the linear and nonlinear contributions to the number of pairs at a given separation can be combined with Sheth & Diaferio's model for the linear and nonlinear contributions to velocities, to model how the full distribution of pairwise velocities (not just the first and second moments) depend on pair separation. Such a model can be extended to describe galaxies, just as we did here. Following Fisher (1995) , this allows us to estimate the effect of redshift space distortions on the shape of the galaxy correlation function over the entire range of linear to nonlinear scales. This is the subject of work in progress.
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A2 The truncated singular isothermal sphere
In this case a halo of mass m is truncated at its virial radius rvir. On scales smaller than this,
where s = r/rvir, and ∆vir is a constant which specifies how dense the halo is relative to the critical density at the time: 3m/4πr 3 vir = ∆virρcrit. The circular velocity within the halo is
and the radial velocity dispersion within the halo is σ 
and the truncation means that it is zero on separations larger than twice rvir. So, for a truncated isothermal sphere 2πG dr r λIso(r|m, b) = Gm
this equals the circular velocity averaged over the halo, which in turn equals 2KIso = −WIso.
A3 The truncated NFW profile
We could go through a similar exercise for a truncated Hernquist profile. Instead, we will study another profile which declines slightly less steeply at the edge, and so is able to fit the results of numerical simulations slightly better (Navarro, Frenk & White 1997) . The NFW profile contains mass m within rvir, and it is truncated at this scale. Within the virial radius,
where x = r/a, with s = r/rvir as before, a is the core radius in units of rvir, and f (a) = ln(1 + 1/a) − 1/(1 + a)
The potential at r is φ(r) = − Gm rvir f (a) a
The corresponding expression in Cole & Lacey (1996) does not have the second term in the square brackets because we are assuming the halo is truncated at the virial radius, whereas they did not. The circular velocity is 
and the total potential energy is This, in the expression for the total kinetic energy shows explicitly that −WNFW = 2KNFW. This relation is satisfied exactly because we truncated the halo at the virial radius. If we do not truncate, and we let the halo extend to infinity, then the expression above should be modified by setting g(1/a) → π 2 − 1. The convolution of such a profile with itself gives 
In the limit in which the virial radius is much larger than the core radius, this separates into the product of a function of a and another of x:
λNFW(r|m, a) → m 2 f (a) x(x + 2) − 1 .
Straightforward but tedious algebra shows that the integral of 2πGr 2 λNFW(r|m, a)/r equals WNFW, the average of the potential over the halo. Again, this equality is exactly satisfied only because we have self-consistently truncated our haloes (equations A25 and A22).
It is an interesting question as to whether or not truncation is important. Although they discuss NFW haloes truncated at the virial radius (so they have finite mass) it appears that Cole & Lacey (1996) do not truncate their NFW haloes when computing φ and σr. As a result, their values of σr do not go to zero at the virial radius, and their values Figure A1 . Shape of the convolution of the density profile as a function of distance in units of the virial radius for a few representative values of the core radius a. Small values of a (left panel) correspond to low mass haloes, whereas more massive haloes have larger core radii (right panel). Solid curves show the result for NFW haloes truncated at the virial radius (lower amplitude at large r) and when the haloes are allowed to extend to infinity (larger amplitude at large r), and dashed curves show the corresponding result for a Hernquist profile which contains the same mass within the virial radius. The core radius of the Hernquist profile is √ 2 a 0.75 . Figure A2 . Radial velocity dispersion as a function of distance from halo centre if orbits are isotropic for the same models as the previous figure. Solid curves show the dispersion in NFW haloes truncated at the virial radius, dotted curves show the isothermal value (which is independent of distance from centre) and dashed curves show the result for the corresponding Hernquist profile.
of WNFW/2KNFW at the virial radius are slightly greater than unity. Both these are in agreement with the simulation results they present. Since NFW haloes are not really isolated objects, it may be that Cole & Lacey's decision to ignore the truncation at the virial radius when computing all quantities except the mass is more physically reasonable.
Deciding whether to truncate or not is important if one wishes to include the scale dependence of the velocity dispersion within a halo into our model for the pairwise velocity dispersion. We found that using our formula for truncated NFW haloes, and then integrating over the distribution of halo masses produced values of σ12 which were about 15% lower than the simulation results presented in Fig. 5 . If we do not truncate, our models are better able to reproduce the measurements in simulations, suggesting that this is, indeed, the correct thing to do.
The solid curves in Fig. A2 show the radial velocity dispersion as a function of radius for truncated NFW haloes (eq. A24) for three representative values of the concentration parameter a; panels on the left correspond to the least massive haloes. The dotted curves show the isothermal value: one half of GM/rvir, and dashed curves show the corresponding result for an infinite Hernquist profile, with core radius b = √ 2 a 0.75 . With this scaling, the Hernquist formula for the dispersion provides a good approximation to what happens if we remove the condition that the NFW profile is truncated. This is useful because the Hernquist radial velocity profile is analytic.
